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Abstract. In this paper we investigate peculiarities of phase transition high-symmetry - 
incommensurate phase in inhomogeneous systems. We obtain the nonlinear dispersion law and 
then present a renormalization group analysis of phase transitions in multiferroics. We have 
determined the dependence of critical indices on the nonextensivity parameter of the system. 
In the magnetoelectric multiferroic materials magnetic and ferroelectric order coexists and mutually 
interacts [1]. Classification of multiferroic materials on the level of microscopic mechanisms is 
presented in review [2], where analyses how multiferroics combine the properties of ferroelectrics and 
magnets have been done. In the multiferroic materials near the phase transition we deal with non local 
interactions in the system with long range correlations. In this paper we investigate peculiarities of 
phase transition high-symmetry - incommensurate phase in such inhomogeneous systems. 
Let us assume that a crystal with the average space group G in the paramagnetic phase undergoes a 
magnetic phase transition at critical point Tc. Let the order parameter (η1, η2) (magnetization 
components) transformed by the active irreducible representation D of the symmetry group of the 
paramagnetic phase corresponding to point q0 = (0,0,0) of Brillouin zone. If the compound in the 
paramagnetic phase has rhombohedral symmetry, the symmetry analysis shows that the following 
gradient invariants are possible: ⎟⎟⎠
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are components of the polarization vector. In this case, the symmetry analysis shows that the density 
of the free energy functional after introducing the variables η1 = ρ sin ϕ(y, z) and η2 = ρ cos ϕ(y, z), 
and using the constant amplitude approximation contains the following integer basis of invariants 
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Thus, in one dimensional case the free energy functional with non local interaction can be presented as [ ] [ ] [ PFPFPF ,,, 10 ]ϕϕϕ += , where 
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The equations of motion for the order parameters will be derived by using the Gateaux differential of [ PF , ]ϕ  at the points ( )xϕ  and ( )xP , which is defined as the limit 
( )[ ] ( ) ( ) ( )[ ] ( )[( xFxxFxF ])ηεµηεηδ ε −+= → /1lim0 . Equation of motion for the phase ( )xϕ  and the 
polarization  is defined from condition ( )xP 0=Fδ  and has the form 
( ) ( ) ( ) ( ) ( ) ( ) ( )∫ =+⎥⎦
⎤⎢⎣
⎡ +∂
∂+∂
∂
∂
∂− 0sin
2
cos,
2
,,
2 0
2/212 ϕγρϕξρσρϕρ nnxnxzgzPn
x
xzgzP
z
z
x
zxkkdz nn , (4) 
 ( ) ( ) ( ) ( ) ( )∫ ⎥⎦
⎤⎢⎣
⎡ +∂
∂−= xzgxn
x
xxzgdxzP n ,
2
sin, 0
2/2 ϕξρϕσρχ . (5) 
Let's consider a case of local interaction in space, a namely ( ) ( zxkzxk −= δ011 ),  a
)
nd 
 and ( ) ( zxgzxg −= δ000 , ( ) ( )zxgzxg −= δ0, . In this case  
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Let's assume, that 0=ξ  and we obtain  
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After substitution equation (9) in the equation (8) we obtain  
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Solution of equation (10) has the form 
 ( ) ( )xam
n
x 2=ϕ . (11) 
In a sinusoidal regime of an incommensurate phase ( ) xx κϕ = , where κ  is a wave vector of 
structure. Thus, the incommensurate phase is represented in the form of alternating domains with the 
opposite magnetic moments. If 0≠ξ  then the equation (6) contains the first derivative of a phase and 
therefore, the amplitude of a phase decreases with distance. 
At presence of non local interaction the incommensurate phase is described by the following 
equation  
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Then the integral in equation (12) can be considered as an average on distribution ( ) ( )yx
x
zxk ,,1 Ρ=∂
∂ . 
In the system with long range correlations it is natural to assume that the structure possesses small 
world property [3]. The topology of small world network is described by -exponential distribution 
, where  expresses the -exponential function defined by 
q
( ) ( )qq rZrP ς−= − exp1 ( )xqexp q
( ) ( )( ) qq xqx −−+= 1111exp . It easy to see that ( )rP  reduces to ( )rς−exp  in the limit . In case of an 
exponential distribution  the equation (12) is reduced to the equation (10) with renormalized 
parameters. We note from 
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where ( ) ( )znz ϕϕ =0  and 21 ≤<α . In sinusoidal regime an incommensurate phase is described by 
solution xκη sin~ . Analysis of equation (13) shows that ( )( ) ⎟⎟⎠
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distances between arbitrary nearest neighbors zero of the phase of order parameter behaves as 
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1~ −Γ− ααπα m  and, therefore, increases when number of zero increases. Besides, this distance 
increases when decreases α . 
The equation of motion for the order parameter is 
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where  and  are Tsallis distribution, ( )tP0 ( )xP1 ( )( )txF ,η  and ( )tx,η are a free energy and a order 
parameter, accordingly. This equation leads to the nonlinear dispersion law, i.e.  where ( ) ναω ++= 1qq
α  is reduced temperature.  
For the renormalization group analysis of high symmetry–incommensurate phase transition we 
consider [4] 
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If the symmetry group of the paramagnetic phase contains symmetry element of space inversion, 
the effective Hamiltonian, necessary for the renormalization group analysis, has the form:  
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 is over the appropriate Brillouin zone.  
Assuming the presence of the fixed point, we obtain the renormalization group equations:  
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We have introduced the following notations: 
 ( ) ( )∫=
q
qrA
r
rω ,  ( ) ( )∫ −=
q
qrC
r
r2ω , (19) 
where integration in the momenta is produced in the region Λ<<Λ qb r/  in the dimension space. 
The parameter 
−d
ξ  is derived from the condition of equality to unit of the coefficient at qr  in ( )qω . It 
produces , from which it follows that ,where 12 =−− γξ db γξ bb d =−2 νγ +=1 . Consequently 
. Thus, the renormalization group equation has the form:  dd bb +−− = γξ 234
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dimension . In this case, we obtain from equation (20)  3=d
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The linearization of the equation at the fixed point  gives  that allows the 
determination of the critical index 
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where  is a number of components of the order parameter. According to the similarity relation, the 
critical index of the magnetic susceptibility is 
n
νγ 2= . 
In our approach the structure fractality is introduced by the function  which is 
characterized by the interaction of the structure defects on the dynamics of the order parameter and 
changes space distribution of order parameter. In the arisen phase, space distribution of the order 
parameter is described by aperiodic function. Besides, the determination of the function 
( xxP ′− )
( )xxP ′−  in 
various fractal dimensions leads to various values of the order of the fractional differential equation 
that describes the motion of the order parameter. It changes the relaxation law of the order parameter 
and leads to the nonlinear dispersion law. The renormalization group analysis shows that in this case a 
new critical regime appears, together with the dependence of critical values on the structure fractal 
dimension.  
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